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ABSTRACT 
 

Transport systems are crucial for connectivity and economic growth but face 

challenges like traffic congestion, pollution, high maintenance costs, and 

disruptions. A 2-simple graphoidal cover helps simplify these systems by dividing 

them into smaller components for efficient rerouting, though it can be 

computationally demanding in dense networks. Bicyclic graphs improve resilience 

by providing redundancy and fault tolerance, ensuring smooth flow during 

disruptions. When combined, these tools enhance efficiency, scalability, and 

distributed management, supporting seamless expansion of transportation 

networks. This paper examines the decomposition of three types of bicyclic graphs 

using 2-simple graphoidal covers. 
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1. Introduction 
 

Graph theory is a prominent tool in computer science engineering and its 

applications, such as social networks, artificial intelligence-based search engines, 

disease control, logistics, and many other interrelated domains. 

 Traffic control on urban roads requires optimizing signal times at junctions 

to maximize traffic flow. Minimal mobile traffic flow is expected to result in 

optimal traffic flow. A graph theory model can be used to represent signals as 

vertices and junctions as edges. To optimize continuous traffic flow, routes that 
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always provide a green signal can be found through graph decomposition, reducing 

travel time, fuel consumption, and transportation costs. Graph decomposition, as 

one of the most active areas of graph theory, can be utilized in a wide range of 

domains, including networking, web search, communicable disease transmission, 

and contact tracing.  

The decomposition of a graph H is a collection of its edge-disjoint sub-

graphs since every edge of H lies in exactly one member of the collection. Many 

authors defined different types of decomposition by applying various parameters. 

The Panama Canal serves as a perfect real-world example to understand 

certain concepts in graph theory, particularly the idea of graphoidal covers. Imagine 

a map where harbors are dots (vertices) and shipping routes are lines (edges) 

connecting these dots. The Panama Canal is one such critical edge, connecting 

harbors in the Atlantic Ocean to those in the Pacific Ocean. 

In a traditional simple graphoidal cover, each vertex (harbour) can only be 

an internal point in one path. Considering if a ship travels from the Atlantic to the 

Pacific via the Panama Canal, it will be unable to return under this rule. Instead, it 

would need to find another route, possibly around South America. This restriction 

creates several problems, like increased distance travelled, higher fuel 

consumption, extended travel time, and greater transportation costs. 

This is where the concept of a 2-simple graphoidal cover becomes valuable. 

It allows each vertex to be internal in up to two paths instead of just one. (i.e., 

considering a two-way street versus a one-way street. In practical terms, this means 

ships can use the Panama Canal in both directions, the same harbor can be part of 

two different shipping routes, and more efficient routes become possible. The 2-

simple graphoidal cover essentially turns the Panama Canal into a two-way street, 

allowing ships to use it multiple times in their journey. This mathematical concept 

has practical implications. By allowing vertices (harbors) to be internal points in 

two paths, we have ships that can take shorter, more direct routes; fuel consumption 

is optimized, travel time is reduced, and transportation costs are minimized. 

 
 

2. Literature Review 
 

In 1987, Acharya and Sampath Kumar [1, 2, 14] introduced the graphoidal 

cover as a close variant of another emerging discrete structure, semigraphs [5]. In 

their first work, they defined label graphoidal graphs and demonstrated that 

Beineke's forbidden graphs are graphoidal. Arumugam and Pakkiam [3, 4, 16] 

conducted extensive research on graphoidal covering numbers ( ) for various 

standard graph families, including complete graphs, wheels, bipartite graphs, trees, 

and unicyclic graphs. 
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Arumugam and Suseela [18] investigated whether acyclic graphoidal graphs 

evolve solely by allowing only open paths in the graphoidal cover. They discovered 

the acyclic graphoidal covering number ( a ) for unicyclic graphs, as well as the 

relationship between the acyclic graphoidal covering number and the path partition 

number ( ) for any graph 3. Arumugam, Indra Rajasingh, and Roushini Leely 

Pushpam [15] describe the class of graphs H for which 1.a =  − Later, Indra 

Rajasingh and Roushini Leely Pushpam [9] discovered the relationship between 

graphoidal cover and acyclic graphoidal covers.  

Arumugam and Shahul Hamid [8, 17] pioneered the theory of simple 

graphoidal cover ( s )  by restricting any two paths in graphoidal cover have at most 

one common vertex. They discovered a relationship between the simple graphoidal 

coverage number, girth (g), and diameter of the graph (d). Nagarajan et al. [10] were 

the first to introduce and describe the concept of 2-graphoidal path cover. They [11] 

extended their findings to m-graphoidal path cover.  

Motivation of m graphoidal path cover, the concept of 2-graphoidal cover was 

started and discussed by Das and Ratan Singh [13]. Ratan Singh and Das [12] and 

Venkat Narayanan et.al [19] found  , ,a 2 , 2a  and 2as on bicyclic graphs. In 

this paper, the parameter of 2-simple graphoidal cover is initiated and  the value of 

the parameter  of  families of bicyclic graphs is determined.  
 

 

 

3. Basic Terminology and Results 
 

All of the graphs H = (V, E) in this paper are non-trivial, connected, simple 

and undirected. The order and size of the graph H are denoted by p and q 

respectively. Harary [7] can be referred for graph terminology. If 

( )0 1,  ,...,  ,nP x x x= then the vertices 0 ,  nx x  are called external vertices and 1 2,  ,x x

1...,  nx −  are called internal vertices. If two paths 1P and 2P of H have no common 

internal vertex, then they are internally disjoint. 
 

Definition 3.1. [1] A graphoidal cover (gc) of H is a set a  of open (closed) paths 

in H satisfying the following conditions. 

(C1) At least two vertices in every path in a . 

(C2) Every vertex of H is an internal vertex of at most one path in a . 

(C3) Every edge of H is in exactly one path in a . 

The minimum cardinality of a graphoidal cover (gc) of H is called the 

graphoidal covering number of H and is denoted by ( ).H  
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Definition 3.2. [20] A 2-simple graphoidal cover (2-simple gc) of H is a set a  of 

paths in H satisfying the following conditions. 

(C1) Every vertex of H is an internal vertex of at most two paths in a . 

(C2) Every edge of H is in exactly one path in a . 

(C3) Any two paths in a  have at most one common vertex. 

   The minimum cardinality of a 2-simple graphoiodal cover of H is called 2-

simple graphoidal covering number of H and is denoted by ( )2 .s H  

Remark 3.1. In a 2-simple graphoidal cover (2-simple gc) of G, 1t denotes total 

number of internal vertices that appear exactly once in paths of a . Similarly, 2t  

denotes the total number of internal vertices that appear exactly twice in paths of 

a ,whereas t denotes the total number of external vertices in the paths of a . 

Theorem 3.1. [20] For any (p, q) graph, ( )2 2 + .s H q p t t = − −  

Theorem 3.2. [20] Let H be a tree with n pendant vertices, then ( )2 1 ,s H n m = − −  

where m is the total number of vertices of degree ≥ 4 in H. 

Theorem 3.3. [20] Let H be a unicyclic graph with s pendant vertices. Let uC be 

the unique cycle on H. Let L be the number of vertices of degree > 2 on uC . Then 
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Where r is the total number of vertices of deg 4 on H. 

A simple connected graph H is said to be a bicyclic graph, if it contains 

exactly two cycles with q = p + 1. Bicyclic graphs are commonly used in theoretical 

chemistry to establish the relationships between the structure and the properties of 

molecules. They have a relationship with the physical, chemical, and 

thermodynamic properties of chemical compounds. In this paper we discuss the 

three kinds of bicyclic graphs. Let B be a bicyclic graph with two cycles 

( )1 0 1 1 0, ,....,  ,m mC x x x x−= and ( )2 0 1 1 0,  ,...,  ,m nC y y y y−= with common vertices l          

(l > 0). The vertices in cycle 1mC are labelled clockwise, while the vertices in cycle 

2mC  are labelled anti-clockwise. 



2024 37(12 )

218

a. First type of Bicyclic graph ( )1 1 2,  B m m is obtained by two cycles 1mC  and 

2mC , share exactly one common vertex 0 0( )x y in Figure 1. 

b. Second type of Bicyclic graph ( )2 1 2, ,B m m r  is obtained by connecting two 

cycles 1mC  and 2mC  by a unique path of length r (r > 1) with starting vertex 

1x  and terminal vertex 1y in Figure 2. 

c. Third type of Bicyclic graph ( )3 1 2, ,B m m t is obtained by three internal 

disjoint paths  1 2 3, ,P P P  from a vertex u to a vertex v. The paths are 

( )1 1 1, ,.., ,mP u x x v−=  with length m, ( )2 1 1, ,..., ,nP u y y v−= with length n and 

( )3 1 1, ,...., ,tP u w w v−= with length t ( )}1 n{ mi ,  t m n  in Figure 3. 
 

4. Main Results 
 

Theorem 4.1. Let H be a bicyclic graph with s pendant vertices. Also let 

( )1 1 2,B m m be the unique bicycle in H and let  j  be the number of vertices of degree 

>2 on ( )1 1 2,  B m m . Then 
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Proof:  

Case 1. Suppose H= ( )1 1 2,B m m  

          Then 1 2{ , }m mC C = is a minimum 2-simple gc of H with 0y  as external 

vertex in H. Therefore 2 ( ) 2.s H =  

Case 2. When  j =1 and let 0y  be the unique vertex is of degree >2  on ( )1 1 2,B m m

Then, we have three sub cases. 

Subcase 2.1. When degree( 0y )=5  

Consider 2* { }mH H C= − is a unicyclic graph with pendant vertices s  and 

( )1r −  vertices of degree ≥ 4. From theorem 4.3, 2 ( *) ( 2) .s H s r = + −  Let 0  be 

the minimum 2-simple gc of *.H  Then 0 2{ }a mC =   is a 2-simple gc of H, 

hence 2 ( ) ( 3) .s H s r  + −  Furthermore, for any 2-simple gc a  of H, (s+2) 

pendant vertices and at most r vertices are internally two times. Therefore t 

2( 2) and .s t r+   Hence 2 2( ) ( 1) ( 2) ( 3)s H q p t t p p r s s  − − + = + − − + + = +

.r− Thus 2 ( ) ( 3) .s H s r = + −  

Subcase 2.2. When degree( 0y )=6 or 7 

Consider 2* { }mH H C= − is a unicyclic graph with pendant vertices s and r 

vertices of degree ≥ 4. From theorem 4.3, 2 ( *) ( 1) .s H s r = + −  Let 0  be the 

minimum 2-simple gc of *.H Then 0 2{ }a mC =   is a 2-simple gc of H, hence  

2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc a  of  H, (s+1) pendant 

vertices  and at most r vertices are internally two times. Therefore ( 1)t s +  

2and .t r  Hence 2 ( ) ( 2) .s H s r  + −  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 2.3. When degree( 0y ) ≥ 8 

Consider 2* { }mH H C= − is a unicyclic graph with pendant vertices s and r 

vertices of degree ≥ 4. From theorem 4.3, 2 ( *) .s H s r = −  Let 0  be the minimum 

2-simple gc of *.H  Then 0 2{ }a mC =   is a 2-simple gc of H, hence 2 ( )s H   

( 1) .s r+ −  Furthermore, for any 2-simple gc a of  H, s pendant vertices and at most 

r vertices are internally two times. Therefore 2and .t s t r   Hence 2 ( )s H   

( 1) .s r+ −  Thus 2 ( ) ( 1) .s H s r = + −  

Case 3. When j =2 and let ix  be the only vertex is of degree >2 other than 0y  on 

( )1 1 2,B m m . Suppose 1i mx C , then there are two sub cases. 

Subcase 3.1. When degree( ) 5ix  , then there are three sub cases.  

Subcase 3.1.1. Suppose degree( 0y ) =4 or 5 



2024 37(12 )

220

     Similar to Subcase 2.1, the proof is the same..  

Subcase 3.1.2. Suppose degree( 0y ) =6 or 7 

     Similar to Subcase 2.2, the proof is the same.  

Subcase 3.1.3. Suppose degree( 0y ) ≥8 

     The proof is the same as in Subcase 2.3.  

Subcase 3.2. When degree( ix ) ≥ 6, then there are two sub cases. 

Subcase 3.2.1. Suppose degree( 0y ) =4 or 5 

     The proof is the same as  in Subcase 2.2.  

Subcase 3.2.2. Suppose degree( 0y ) ≥ 6 

    Similar to Subcase 2.3, the proof is the same.  

Case 4. When  j =3 and  suppose 0 , ,i jy x x  be the only vertices is of degree >2 on 

( )1 1 2,B m m . Then, we have two cases.  

Subcase 4.1.  Suppose 1,i j mx x C , then there are three cases.  

Subcase 4.1.1. When degree( ix ) ≤ 5,  degree ( jx ) ≤ 5  and degree( 0y ) =4 

   Similar to Subcase 3.1.1. the proof is the same.  

Subcase 4.1.2. When degree( ix ) ≥3, degree ( jx ) ≥ 3, degree( 0y ) = 5 (Or) either 

degree( ix )   ≥ 6  (or)  degree ( jx ) ≥ 6 and degree( 0y ) =4 (or) 5 

Consider 2* { }mH H C= − is a unicyclic graph with pendant vertices s and 

( )1r − vertices of degree ≥ 4. From theorem 4.3, 2 ( *) ( 1) .s H s r = + −  Let 0  be 

the minimum 2-simple gc of *.H Then 0 2{ }a mC =   is a 2-simple gc of H, 

hence 2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc a  of  H, (s+1)      

pendant vertices and at most r vertices are internally two times. Therefore 

2( 1) and .t s t r +   Hence 2 ( ) ( 2) .s H s r  + −  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 4.1.3. When  degree( ix )  ≥3,  degree ( jx ) ≥ 3, degree( 0y ) ≥ 6  

    Similar to Subcase 3.2.2, the proof is the same.  

Subcase 4.2.  Suppose 1 2,i m j mx C x C  , then there are three cases.  

Subcase 4.2.1. When degree( ix ) ≤ 5,  degree ( jx ) ≤ 5 and  let 1s  be the number of 

pendant vertices and 1r  be the number of vertices is of degree ≥ 4 on sub tree rooted 

at jx . Let the graph 1H obtained from the cycle 2mC  and its sub tree rooted at jx . 

Since the unicyclic graph 1H  contains 1s  number of pendant vertices and 1r  vertices 

with the degree ≥ 4, By theorem 4.3, 2 1 1 1( ) ( 1) .s H s r = + −  Then, we have three 

cases.  

Subcase 4.2.1.1. When degree( 0y ) =4 or 5 
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Consider 1* { }H H H= − is a unicyclic graph with pendant vertices ( )1s s−  

and ( )1 1r r− −  vertices of degree ≥ 4. From theorem 4.3, ( )2 1( *) 2s H s s = − +  

( )1 .r r− −  Let 0  and  1  be the minimum 2-simple gc of 1* andH H  

respectively. Then 0 1a  =   is a 2-simple gc of H, hence 2 ( ) ( 3) .s H s r  + −

Furthermore, for any 2-simple gc a  of  H, ( )2s + pendant vertices and at most r 

vertices are internally two times. Therefore ( ) 22 and .t s t r +   Hence 

2 ( ) ( 3) .s H s r  + −  Thus 2 ( ) ( 3) .s H s r = + −  

Subcase 4.2.1.2. When degree( 0y ) =6 or 7 

Consider 1* { }H H H= − is a unicyclic graph with pendant vertices ( )1s s−  

and ( )1r r−  vertices of degree ≥ 4. From theorem 4.3, ( )2 1( *) 1s H s s = − +

( )1 .r r− −  Let 0  and 1  be the minimum 2-simple gc of 1* andH H  respectively. 

Then 0 1a  =   is a 2-simple gc of H, hence 2 ( ) ( 2) .s H s r  + −  Furthermore, 

for any 2-simple gc a of  H, ( )1s +  pendant vertices and at most r vertices are 

internally two times. Therefore ( ) 21 and .t s t r +   Hence 2 ( ) ( 2) .s H s r  + −  

Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 4.2.1.3. When degree( 0y ) ≥ 8 

Consider 1* { }H H H= − is a unicyclic graph with pendant vertices ( )1s s−  

and ( )1r r−  vertices of degree ≥ 4. From theorem 4.3, ( ) ( )2 1 1( *) .s H s s r r = − − −  

Let 0  and 1  be the minimum 2-simple gc of 1* andH H respectively. Then 

0 1a  =   is a 2-simple gc of H, hence  2 ( ) ( 1) .s H s r  + −  Furthermore, for 

any 2-simple gc a of  H, s  pendant vertices and at most r vertices are internally 

two times. Therefore 2and .t s t r   Hence 2 ( ) ( 1) .s H s r  + −  Thus 2 ( )s H =

( 1) .s r+ −  

Subcase 4.2.2. When degree( ix ) ≥ 6, degree ( jx ) ≤ 5 and  let the graph 1H  obtained 

from the cycle 2mC  and its sub tree rooted at jx . Since the unicyclic graph 1H  

contains 1s  number of pendant vertices and 1r  be the number of vertices is of degree 

≥ 4 on sub tree rooted at jx . By theorem 4.3, 2 1 1 1( ) ( 1) .s H s r = + −  Then, we have 

two cases.  

Subcase 4.2.2.1. When degree( 0y ) = 4 or 5 

   Similar to Subcase 4.2.1.2, the proof is the same.  
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Subcase 4.2.2.2. When degree( 0y ) = 6 or 7 

Similar to Subcase 4.2.1.3, the proof is the same. 

Subcase 4.2.3. When degree( ix ) ≥ 6, degree ( jx ) ≥ 6  and let 1 2andP P  denote 

( )0,ix y  and ( )0 , jy x section on ( )1 1 2,B m m . Then, we have two cases.  

Subcase 4.2.3.1. When degree( 0y ) = 4 or 5 

Consider 1 2* { } { }H H P P= − −  is a tree with pendant vertices s  and ( )1r −  

vertices of degree ≥ 4. From theorem 4.2, 2 ( *) .s H s r = −  Let 0  be the minimum 

2-simple gc of *H  respectively. Then    0 1 2a P P =   is a 2-simple gc of H, 

hence  2 ( ) ( 1) .s H s r  + −  Furthermore, for any 2-simple gc a  of  H, s  pendant 

vertices and at most r vertices are internally two times. Therefore 2and .t s t r   

Hence 2 ( ) ( 1) .s H s r  + −  Thus 2 ( ) ( 1) .s H s r = + −  

Subcase 4.2.3.2. When degree( 0y ) ≥ 6 

Consider 1 2* { } { }H H P P= − −  is a tree with pendant vertices s  and ( )1r −  

vertices of  degree ≥ 4. From theorem 4.2, 2 ( *) 1.s H s r = − −  Let 0  be the 

minimum 2-simple gc of *H  respectively. Then    0 1 2a P P =    is a 2-

simple gc of H, hence 2 ( ) ( 1) .s H s r  + −  Furthermore, for any 2-simple gc a  of  

H, s pendant vertices and at most r vertices are internally two times. Therefore 

2and .t s t r   Hence 2 ( ) ( 1) .s H s r  + −  Thus 2 ( ) ( 1) .s H s r = + −  

Case 5. Suppose j ≥ 4 and let 0, , , ( )i j s sy x x x y  be the vertices is of degree >2 on 

( )1 1 2,B m m . Then, we have three cases.  

Subcase 5.1. When 1, ,i j s mx x x C  and degree( ix ) ≥3, degree ( jx ) ≥ 3, degree                           

( sx ) ≥ 3, then there are two cases.  

Subcase 5.1.1. When degree( 0y ) = 4 or 5 

Consider 2* { }mH H C= − is a unicyclic graph with pendant vertices s  and 

( )1r − vertices of degree ≥ 4. From theorem 4.3, ( )2 ( *) 1s H s r = + − .  Let 0  be 

the minimum 2-simple gc of *H . Then 0 2{ }a mC =   is a 2-simple gc of H, 

hence  2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc a  of  H, ( )1s +  

pendant vertices and at most r vertices are internally two times. Therefore 

( ) 21 and .t s t r +   Hence 2 ( ) ( 2) .s H s r  + −  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 5.1.2. When degree( 0y ) ≥ 6 
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Consider 2* { }mH H C= − is a unicyclic graph with pendant vertices s  and 

r  vertices of degree ≥ 4. From theorem 4.3, 2 ( *)s H s r = − . Let 0  be the 

minimum 2-simple gc of *H . Then 0 2{ }a mC =   is a 2-simple gc of H, hence 

2 ( ) ( 1) .s H s r  + −  Furthermore, for any 2-simple gc a of  H, s  pendant vertices 

and at most r vertices are internally two times. Therefore 2and .t s t r   Hence 

2 ( ) ( 1) .s H s r  + −  Thus 2 ( ) ( 1) .s H s r = + −  

Subcase 5.2. When  j = 4, 1 2, ,i j m s mx x C y C  and degree( 0y ) ≥ 4,degree( ix ) ≥3, 

degree( jx ) ≥ 3, degree ( sy ) ≥ 3. Let ( ),i jP x x=  be a path in ( )1 1 2,B m m . Then, 

we have three sub cases.  

Subcase 5.2.1. When (degree( ix ) = degree ( jx ) = 3) (or) (degree( ix ) ≥ 5 and degree 

( jx ) = 3) or (degree( ix ) ≥ 5 and degree ( jx )  ≥ 5) 

Consider * { }H H P= − is a unicyclic graph with pendant vertices s and r  

vertices of degree ≥ 4, so that ( )2 ( *) 1s H s r = + − . Let 0  be the minimum 2-

simple gc of *H  respectively. Then 0 { }a P =  is a 2-simple gc of H, hence 

2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc a  of H, ( )1s +  pendant 

vertices and at most r vertices are internally two times. Therefore ( )1t s + and  

2 .t r  Hence 2 ( ) ( 2) .s H s r  + −  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 5.2.2. When  degree( ix ) = degree ( jx ) = 4  

Consider * { }H H P= − is a unicyclic graph with pendant vertices s and 

( 2)r − vertices of degree ≥ 4, so that ( )2 ( *) 3s H s r = + − . Let 0   be the minimum 

2-simple gc of *H . Let 1 2,P P  be a path in 0  in which ,i jx x  are external. Then 

( )0 1 2 1 2{ }a P P P P P = − −     is a 2-simple gc of  H, hence 2 ( )s H   

( 2) .s r+ −   Furthermore, for any 2-simple gc a of  H, ( )1s +  pendant vertices and 

at most r vertices are internally two times. Therefore ( ) 21 and .t s t r +   Hence 

2 ( ) ( 2) .s H s r  + −  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 5.2.3. When degree( ix ) ≥ 5 and degree ( jx ) = 4 

Consider * { }H H P= − is a unicyclic graph with pendant vertices s and 

( 1)r −  vertices of degree ≥ 4, so that ( )2 ( *) 2s H s r = + − . Let 0  be the minimum 

2-simple gc of *H . Let 1P  be a path in 0  in which jx  external. Then 

( )0 1a P = − 1{ }P P   is a 2-simple gc of  H, hence  2 ( ) ( 2) .s H s r  + −   
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Furthermore, for any 2-simple gc a of  H, ( )1s +  pendant vertices and at most r 

vertices are internally two times. Therefore ( ) 21 and .t s t r +   Hence 

2 ( ) ( 2) .s H s r  + −  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 5.3. When j ≥ 5 and 1 2, , ,i j m s l mx x C y y C  , degree( 0y ) ≥ 4, degree( ix ) 

≥3, degree ( jx ) ≥ 3, degree ( sy ) ≥ 3, degree ( ly ) ≥ 3. Let ( ),s lP y y= be a  path in 

2mC , then there are three cases.  

Subcase 5.3.1. When degree ( sy ) = degree ( ly ) = 3 (Or) degree ( sy ) ≥ 5  and 

degree ( ly ) ≥ 5 

Consider * { }H H P= − is a unicyclic graph with pendant vertices s  and r  

vertices of degree ≥ 4. From theorem 4.3, 2 ( *)s H s r = − .  Let 0   be the minimum 

2-simple gc of *H  respectively. Then 0 2{ }a mC =   is a 2-simple gc of H, 

hence 2 ( ) ( 1) .s H s r  + −   Furthermore, for any 2-simple gc a of  H, s  pendant 

vertices and at most r vertices are internally two times. Therefore 2and .t s t r   

Hence 2 ( ) ( 1) .s H s r  + −  Thus 2 ( ) ( 1) .s H s r = + −  

Subcase 5.3.2. When degree ( sy ) = 3 (or) degree ( sy ) ≥ 5 and degree ( ly ) = 4 

Consider * { }H H P= − is a unicyclic graph with pendant vertices ( 1)s +  

and ( 1)r −  vertices of degree ≥ 4, so that ( )2 ( *) 2s H s r = + − . Let 0  be the 

minimum 2-simple gc of *H . Let 1P  be a path in 0  in which is ly  external. Then 

( )0 1 1{ }a P P P = −    is a 2-simple gc of  H, hence 2 ( ) ( 2) .s H s r  + −   

Furthermore, for any 2-simple gc a of  H, ( )1s +  pendant vertices and at most r 

vertices are internally two times. Therefore ( ) 21 and .t s t r +   Hence 2 ( )s H  

( 2) .s r + −  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 5.3.3. When degree ( sy ) = degree ( ly ) =4 

Consider * { }H H P= − is a unicyclic graph with pendant vertices s  and 

( 2)r − vertices of degree≥ 4, so that ( )2 ( *) 2s H s r = + − .  Let 0   be the minimum 

2-simple gc of *H . Let 1 2,P P  be a path in 0  in which is ,s ly y  as external. Then 

( )0 1 2 1 2{ }a P P P P P = − −     is a 2-simple gc of  H, hence 2 ( )s H   

( 1) .s r+ −  Furthermore, for any 2-simple gc a of  H, s  pendant vertices and at 

most r vertices are internally two times. Therefore 2and .t s t r   Hence 

2 ( ) ( 1) .s H s r  + −  Thus 2 ( ) ( 1) .s H s r = + −  

Example 4.2.  As an example, the bicyclic graph ( )1 1 2,  B m m shown in Figure 1. 
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Figure 1. 2-simple gc on ( )1 1 2,  B m m  

  Here p =25, q =26, s =10 and r =3. Then ( ) 22 6 5 4 32 13, , , , , ,( )s v v v vH v v =

( ) ( ) ( ) ( ) (8 9 10 12 3 11 10 14 15 16 17 20 3 8 23 3 2 1 7 25 24, , , , , , , , , , , , , , ,, , ,, ,v v v v v v v v v v v v v v v v v v v v v

) ( ) ( )7 6 19 15 18 17 21, , , , , , 8 ( 1) .v v v v v v v s r= = + −  

Theorem 4.3. Let H be a bicyclic graph with s pendant vertices. Also let 

2 1 2( , , )B m m r be the unique bicycle in H and let  j be the number of vertices of 

degree >2 on 2 1 2( , , )B m m r . Then 
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Proof: The cycles 1 0 1 1 0( , ,.., , )m rC x x x x−= , 2 0 1 0( , ,.., )mC y y y=  and a  path 1(rP x=  

1, , , )mx y  are the components of the Bicyclic graph ( )2 1 2, ,B m m r . 
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Case 1. Suppose H= ( )2 1 2, ,B m m r  

 Then 1 2{ , , }a m m rC C P = is a minimum 2-simple gc of H. Therefore 

2 ( ) 3.s H =  

Case 2. Suppose j =2, then there are two cases.  

Subcase 2.1. When 1degree( ) 5x  , then there are three subcases.  

Subcase 2.1.1. When 1degree( ) 3y =  

Consider 2* { }mH H C= − is a unicyclic graph with pendant vertices ( )1s +  

and r vertices of degree ≥ 4. From theorem 4.3, 2 ( *) ( 2) .s H s r = + −  Let 0  be 

the minimum 2-simple gc of *.H  Then 0 2{ }a mC =   is a 2-simple gc of H, 

hence 2 ( ) ( 3) .s H s r  + −   Furthermore, for any 2-simple gc a of H, (s+2) 

pendant vertices and at most r vertices are internally two times. Therefore 

( 2)t s + and 2 .t r  Hence 2 ( ) ( 3)s H s r  + − . Thus 2 ( ) ( 3) .s H s r = + −  

Subcase 2.1.2. When 1degree( ) 4(or)5y =  

Consider 2* { }mH H C= − is a unicyclic graph with pendant vertices s  and 

( )1r −  vertices of degree ≥ 4, so that 2 ( *) ( 2) .s H s r = + −  Let 0  be the minimum 

2-simple gc of *.H  Then 0 2{ }a mC =   is a 2-simple gc of H, hence 2 ( )s H   

( 3) .s r+ −  Furthermore, for any 2-simple gc a of H, (s+2) pendant vertices  and 

at most r vertices are internally two times. Therefore 2( 2) and .t s t r +   Hence 

2 ( ) ( 3)s H s r  + − .  Thus 2 ( ) ( 3) .s H s r = + −  

Subcase 2.1.3. When 1degree( ) 6y   

Consider 2* { }mH H C= − is a unicyclic graph with pendant vertices s  and 

r  vertices of degree ≥ 4, so that 2 ( *) ( 1) .s H s r = + −  Let 0  be the minimum 2-

simple gc of *.H  Then 0 2{ }a mC =   is a 2-simple gc of H, hence 2 ( )s H 

( 2) .s r+ −  Furthermore, for any 2-simple gc a of H, (s+1) pendant vertices and at 

most r vertices are internally two times. Therefore 2( 1) and .t s t r +   Hence 

2 ( ) ( 2)s H s r  + − .  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 2.2. When 1degree( ) 6x  , then there are three subcases.  

Subcase 2.2.1. When 1degree( ) 3y =  

Consider 2* { }mH H C= − is a unicyclic graph with pendant vertices ( )1s +  

and r vertices of degree ≥ 4. From theorem 4.3, 2 ( *) ( 1) .s H s r = + −  Let 0  be the 

minimum 2-simple gc of *.H  Then 0 2{ }a mC =   is a 2-simple gc of H, hence  

2 ( ) ( 2) .s H s r  + −   Furthermore, for any 2-simple gc a  of H, (s+1) pendant 
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vertices  and at most r vertices are internally two times. Therefore ( 1)t s + and

2 .t r  Hence 2 ( ) ( 2) .s H s r  + −   Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 2.2.2. When 1degree( ) 4(or)5y =  

Consider 2* { }mH H C= − is a unicyclic graph with pendant vertices s  and 

( )1r −  vertices of degree ≥ 4, so that 2 ( *) ( 1) .s H s r = + −  Let 0  be the minimum 

2-simple gc of *.H  Then 0 2{ }a mC =   is a 2-simple gc of H, hence 2 ( )s H    

( 2) .s r+ −  Furthermore, for any 2-simple gc a of H, (s+1) pendant vertices  and 

at most r vertices are internally two times. Therefore 2( 1) and .t s t r +   Hence 

2 ( ) ( 2)s H s r  + − .  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 2.2.3. When 1degree( ) 6y   

Consider 2* { }mH H C= − is a unicyclic graph with pendant vertices s  and 

r  vertices of degree ≥ 4, so that 2 ( *) .s H s r = −  Let 0  be the minimum 2-simple 

gc of *.H  Then 0 2{ }a mC =   is a 2-simple gc of H, hence 2 ( ) ( 1) .s H s r  + −  

Furthermore, for any 2-simple gc a of H,  s pendant vertices and at most r  vertices 

are internally two times. Therefore 2and .t s t r   Hence 2 ( ) ( 1)s H s r  + − .  

Thus 2 ( ) ( 1) .s H s r = + −  

Case 3.  Suppose j = 3 and let sx , 1 1,x y be the only vertices is of degree > 2 on 

( )2 1 2, ,B m m r . Suppose 1s mx C , then we have two sub cases.  

Subcase 3.1. When degree( ) 5sx  and 1degree( ) 5x  , then there three  subcases.  

Subcase 3.1.1. When 1degree( ) 3y =  

 Similar to Subcase 2.1.1, the proof is the same.  

Subcase 3.1.2. When 1degree( ) 4(or)5y =  

 Similar to Subcase 2.1.2, the proof is the same.  

Subcase 3.1.3. When 1degree( ) 6y   

 Similar to Subcase 2.1.3, the proof is the same.   

Subcase 3.2. When either degree( ) 6sx   (or) 1degree( ) 6x   and suppose 

1degree( ) 6x  , then there are three subcases.  

Subcase 3.2.1. When 1degree( ) 3y =  

 Similar to Subcase 2.2.1, the proof is the same.  

Subcase 3.2.2. When 1degree( ) 4(or)5y =  

 Similar to Subcase 2.2.2, the proof is the same.  

Subcase 3.2.3. When 1degree( ) 6y   

Similar to Subcase 2.2.3, the proof is the same. 
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Case 4. When  j ≥4 and let sx , px  be the only vertex is of degree > 2 other than 

1 1,x y  on ( )2 1 2, ,B m m r is obtained by connecting two cycles. Then, we have four 

subcases.  

Subcase 4.1. When 1,s p mx x C , degree( ) 3,degree( ) 3,s px x  1degree( ) 3x  ,  

then there are three cases.  

Subcase 4.1.1. When 1degree( ) 3y =  

Similar to Subcase 2.2.1, the proof is the same. 

Subcase 4.1.2. When 1degree( ) 4(or)5y =  

Similar to Subcase 2.2.2, the proof is the same. 

Subcase 4.1.3. When 1degree( ) 6y   

Similar to Subcase 2.2.3, the proof is the same. 

Subcase 4.2. When j =4 and 1 2,s m p mx C x C  , then there are two cases. 

Subcase 4.2.1. Suppose 1degree( ) 5,degree( ) 5,degree( ) 5s px x x    and let the 

graph 1H  obtained from the cycle 2mC  and its sub tree rooted at px . Since the 

unicyclic graph 1H  contains 1s  number of pendant vertices and 1r  be the number of 

vertices is of degree ≥ 4 on sub tree rooted at px . By theorem 4.3, 2 1( )s H =

1 1( 1) .s r+ −  Then, we have three subcases.  

Subcase 4.2.1.1. When 1degree( ) 3y =  

Consider 1* { }H H H= − is a unicyclic graph with pendant vertices 

( )1 1s s− +  and ( )1r r−  vertices of degree ≥ 4, so that ( )2 1( *) 2s H s s = − +

( )1 .r r− −  Let 0  and 1  be the minimum 2-simple gc of 1* andH H respectively. 

Then 0 1a  =   is a 2-simple gc of H, hence  2 ( ) ( 3) .s H s r  + −   Furthermore, 

for any 2-simple gc a of  H, ( )2s +  pendant vertices and at most r vertices are 

internally two times. Therefore ( ) 22 and .t s t r +   Hence 2 ( ) ( 3) .s H s r  + −  

Thus 2 ( ) ( 3) .s H s r = + −  

Subcase 4.2.1.2. When 1degree( ) 4(or)5y =  

Consider 1* { }H H H= − is a unicyclic graph with pendant vertices ( )1s s−  

and ( )1 1r r− −  vertices of degree ≥ 4. From theorem 4.3, ( )2 1( *) 2s H s s = − +  

( )1 .r r− − Let 0  and 1  be the minimum 2-simple gc of 1* andH H respectively. 

Then 0 1a  =   is a 2-simple gc of H, hence 2 ( ) ( 3) .s H s r  + −  Furthermore, 

for any 2-simple gc a  of  H, ( )2s +  pendant vertices and at most r vertices are 
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internally two times. Therefore ( ) 22 and .t s t r +   Hence 2 ( ) ( 3) .s H s r  + −  

Thus 2 ( ) ( 3) .s H s r = + −  

Subcase 4.2.1.3. When 1degree( ) 6y   

Consider 1* { }H H H= − is a unicyclic graph with pendant vertices ( )1s s−  

and ( )1r r−  vertices of degree ≥ 4, so that ( ) ( )2 1 1( *) 1 .s H s s r r = − + − −  Let 0  

and 1  be the minimum 2-simple gc of 1* andH H respectively. Then 

0 1a  =   is a 2-simple gc of H, hence 2 ( ) ( 2) .s H s r  + −  Furthermore, for 

any 2-simple gc a of H, ( )1s +  pendant vertices and at most r vertices are 

internally two times. Therefore ( ) 21 and .t s t r +   Hence 2 ( ) ( 2) .s H s r  + −  

Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 4.2.2. When either ( ) ( )1degree 6 (or)degree 6sx x   and ( )degree px

6, suppose ( )1degree 6x  and let the graph 1H  obtained from the cycle 2mC  and 

its sub tree rooted at px . Since the unicyclic graph 1H  contains 1s  number of 

pendant vertices and 1r  be the number of vertices is of degree ≥ 4 on sub tree rooted 

at px . By theorem 4.3, 2 1 1 1( ) .s H s r = −  Then, we have three subcases.  

Subcase 4.2.2.1. When 1degree( ) 3y =  

Consider 1* { }H H H= − is a unicyclic graph with pendant vertices 

( )1 1s s− +  and ( )1r r−  vertices of degree ≥ 4, so that ( )2 1( *) 1s H s s = − +

( )1 .r r− −  Let 0  and  1  be the minimum 2-simple gc of 1* andH H  

respectively. Then 0 1a  =   is a 2-simple gc of H, hence 2 ( ) ( 1) .s H s r  + −   

Furthermore, for any 2-simple gc a of  H, s  pendant vertices and at most  r vertices 

are internally two times. Therefore 2and .t s t r   Hence 2 ( ) ( 1) .s H s r  + −  

Thus 2 ( )s H = ( 1) .s r+ −  

Subcase 4.2.2.2. When 1degree( ) 4(or)5y =  

Consider 1* { }H H H= − is a unicyclic graph with pendant vertices ( )1s s−  

and ( )1r r−  vertices of degree ≥ 4, so that 2 ( *)s H = ( )1 1s s− +  ( )1 .r r− −  Let 0  

and 1  be the minimum 2-simple gc of 1* andH H respectively. Then 

0 1a  =   is a 2-simple gc of H, hence 2 ( ) ( 1) .s H s r  + −   Furthermore, for 

any 2-simple gc a of  H, s  pendant vertices and at most r vertices are internally 
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two times. Therefore 2and .t s t r   Hence 2 ( ) ( 1) .s H s r  + −  Thus 2 ( )s H =

( 1) .s r+ −  

Subcase 4.2.2.3. When 1degree( ) 6y   

Consider * { }H H P= − , where P denotes ( )1, ly x section on ( )2 1 2 ., ,B m m r

Clearly *H  is a unicyclic graph with pendant vertices s  and r  vertices of degree 

≥ 4 so that, 2 ( *) .s H s r = −  Let 0  be the minimum 2-simple gc of *H . Then 

0 { }a P =   is a 2-simple gc of H, hence  2 ( ) ( 1) .s H s r  + −   Furthermore, for 

any 2-simple gc a of  H, s  pendant vertices and at most r vertices are internally 

two times. Therefore 2and .t s t r   Hence 2 ( ) ( 1) .s H s r  + −  Thus 2 ( )s H =  

( 1) .s r+ −  

Subcase 4.3. When  j ≥ 5 and let , ,s p lx x x  be the only vertices is of degree >2 other 

than 1 1,x y  on ( )2 1 2, ,B m m r . Suppose, degree( ) 3,degree( ) 3,s px x  1,s p mx x C  

1degree( ) 3x  , 2l mx C  and let the graph 1H  obtained from the cycle 2mC  and its 

sub tree rooted at lx . Since the unicyclic graph 1H  contains 1s  number of pendant 

vertices and 1r  be the number of vertices is of degree ≥ 4 on sub tree rooted at px . 

By theorem 4.3, 2 1 1 1( ) ( 1) .s H s r = + −  Then, we have two cases. 

Subcase 4.3.1. When degree( ) 5lx  , then there are three subcases.  

Subcase 4.3.1.1.  When 1degree( ) 3y =  

Consider 1* { }H H H= − is a unicyclic graph with pendant vertices 

( )1 1s s− +  and ( )1r r−  vertices of degree ≥ 4, so that ( )2 1( *)s H s s = −  

( )11 .r r+ − −  Let 0  and 1  be the minimum 2-simple gc of 1* andH H

respectively. Then 0 1a  =   is a 2-simple gc of H, hence 2 ( ) ( 2) .s H s r  + −   

Furthermore, for any 2-simple gc a of  H, ( 1)s +  pendant vertices and at most r 

vertices are internally two times. Therefore 2( 1) and .t s t r +   Hence 

2 ( ) ( 2) .s H s r  + −  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 4.3.1.2. When 1degree( ) 4(or)5y =  

Consider 1* { }H H H= − is a unicyclic graph with pendant vertices ( )1s s−  

and ( )1 1r r− −  vertices of degree ≥ 4. From theorem 4.3, ( )2 1( *) 1s H s s = − +

( )1 .r r− −  Let 0  and  1  be the minimum 2-simple gc of 1* andH H  

respectively. Then 0 1a  =   is a 2-simple gc of H, hence 2 ( ) ( 2) .s H s r  + −  

Furthermore, for any 2-simple gc a  of  H, ( 1)s +  pendant vertices and at most r 
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vertices are internally two times. Therefore 2( 1) and .t s t r +   Hence 

2 ( ) ( 2) .s H s r  + −  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 4.3.1.3. When 1degree( ) 6y   

Consider 1* { }H H H= − is a unicyclic graph with pendant vertices ( )1s s−  

and ( )1r r−  vertices of degree ≥ 4. From theorem 4.3, ( ) ( )2 1 1( *) .s H s s r r = − − −  

Let 0  and 1  be the minimum 2-simple gc of 1* andH H  respectively. Then 

0 1a  =   is a 2-simple gc of H, hence 2 ( ) ( 1) .s H s r  + −   Furthermore, for 

any 2-simple gc a of  H, s  pendant vertices and at most r vertices are internally 

two times. Therefore 2and .t s t r   Hence 2 ( ) ( 1) .s H s r  + −  Thus 2 ( )s H =

( 1) .s r+ −  

Subcase 4.3.2. When degree( ) 6lx  , then there are three subcases.  

Subcase 4.3.2.1. When 1degree( ) 3y =  

Similar to Subcase 4.3.1.1. the proof is the same.  

Subcase 4.3.2.2. When 1degree( ) 4(or)5y =  

 Similar to Subcase 4.3.1.2. the proof is the same.  

Subcase 4.3.2.3. When 1degree( ) 6y   

Consider * { }H H P= − , where P denotes ( )1, ly x  section on 

( )2 1 2,  ,  B m m r . Clearly *H  is a unicyclic graph with pendant vertices s  and r  

vertices of degree ≥ 4 so that, 2 ( *) .s H s r = −  Let 0  be the minimum 2-simple gc 

of *H . Then 0 { }a P =   is a 2-simple gc of H, hence 2 ( ) ( 1) .s H s r  + −   

Furthermore, for any 2-simple gc a of  H, s  pendant vertices and at most r vertices 

are internally two times. Therefore 2and .t s t r   Hence 2 ( ) ( 1) .s H s r  + −  

Thus 2 ( )s H = ( 1) .s r+ −  

Subcase 4.4. Suppose j ≥ 6 and let , , ,s p l mx x x x  be the only vertices is of degree 

>2 other than 1 1,x y  on ( )2 1 2, ,B m m r . Suppose 1,s p mx x C , 2,l m mx x C  and let 

( , )l mP x x=  be a path in ( )2 1 2, ,B m m r , then, we have three cases.   

Subcase 4.4.1. Suppose degree( ) degree( ) 3,l mx x= = (Or) degree( ) 5,lx   

degree( ) 5mx   

Consider * { }H H P= − is a unicyclic graph with pendant vertices s  and r  

vertices of degree ≥ 4 so that, 2 ( *) .s H s r = −  Let 0  be the minimum 2-simple gc 

of *H . Then 0 { }a P =   is a 2-simple gc of H, hence 2 ( ) ( 1) .s H s r  + −  
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Furthermore, for any 2-simple gc a of  H, s  pendant vertices and at most  r vertices 

are internally two times. Therefore 2and .t s t r   Hence 2 ( ) ( 1) .s H s r  + −  

Thus 2 ( ) ( 1) .s H s r = + −  

Subcase 4.4.2. When degree( ) 3lx =  (Or)  degree( ) 5lx   and degree( ) 4mx =  

Consider * { }H H P= − is a unicyclic graph with pendant vertices s  and 

( 1)r − vertices of degree ≥ 4, so that ( )2 ( *) 1s H s r = + − .  Let 0   be the minimum 

2-simple gc of *H . Let 1P  be a path in 0  in which is mx  external. Then 

( )0 1 1{ }a P P P = −  is a 2-simple gc of  H, hence 2 ( ) ( 1) .s H s r  + −   

Furthermore, for any 2-simple gc a of  H, s  pendant vertices and at most r vertices 

are internally two times. Therefore 2and .t s t r   Hence 2 ( ) ( 1) .s H s r  + −  

Thus 2 ( ) ( 1) .s H s r = + −  

Subcase 4.4.3. When degree( ) degree( ) 4l mx x= =  

Consider * { }H H P= − is a unicyclic graph with pendant vertices s  and 

( 2)r − vertices of degree ≥ 4, so that ( )2 ( *) 2s H s r = + − . Let 0   be the minimum 

2-simple gc of *H . Let 1 2,P P  be a path in 0  in which is ,l mx x  as external. Then 

( )0 1 2 1 2{ }a P P P PP = − −   is a 2-simple gc of  H, hence 2 ( ) ( 1) .s H s r  + −  

Furthermore, for any 2-simple gc a of  H, s  pendant vertices and at most r vertices 

are internally two times. Therefore 2and .t s t r   Hence 2 ( ) ( 1) .s H s r  + −  

Thus 2 ( ) ( 1) .s H s r = + −   

Example 4.4  As an example, the bicyclic graph ( )2 1 2, ,B m m r shown in Figure 2. 

 

Figure 2. 2-simple gc on ( )2 1 2, ,B m m r  
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     Here 31, 32, 12 and 6p q s r= = = = , then 2 21 13 14 15 16 17 23( ) {( , , , , , , ),s H v v v v v v v =

26 3 27 28 6 5 4 3 2 9 10 11 12 13 20 25 18 19 12 8 7 6( , , ), ( , , , , , , , , , . , ), ( , , , ), ( , ,v v v v v v v v v v v v v v v v v v v v v v

29 31 2 1 8 30, )( , , , , ),v v v v v v 22 17 18 24 } 7 ( 1) .(v ,v ,v ,v ) s r= = + −  

Theorem 4.5. Let H be a bicyclic graph with s pendant vertices. Also let 

3 1 2( , , )B m m t be the unique bicycle in H and let  j  be the number of vertices of 

degree >2 on 3 1 2( , , )B m m t , Then 
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Proof: Let ( ) ( )1 1 1 2 1 1, , , , , , , , ,m nP u x x v P u y y v− −=  =  and ( )3 1 1, , , ,tP u w w y−=   

be the three internal disjoint paths of ( )3 1 2, ,B m m t . 

Case 1. When H= ( )3 1 2, ,B m m t  

Then 1 1 1 1 1 2 1 1{( , ,.., , , , ,.., , ), ( , , ,.., ), ( , )}m n n t tu x x v y y y u u w w w w v − − − −= is a 

minimum 2-simple gc of H so that 2 ( ) 3.s H =  

Case 2. When j=2 and let 
1 23 3,t tP P denote 1 1 1( , ) and ( , )t tu w w w v− − section of 3P  

respectively. Then, we have two cases. 

Subcase 2.1. When degree( ) 6 and degree( ) 6u v  , then there are three cases.  

Subcase 2.1.1. When degree( ) degree( ) 3(or) 5 (or) 6u v= =  

Consider 
*

3{ }H H P= − is a unicyclic graph with pendant vertices s and r 

vertices of degree ≥4, hence 
*

2 ( ) ( 1) .s H s r = + −  Let 0  be the minimum 2-simple 



2024 37(12 )

234

gc of *H . Then 
1 20 3 3{ , }a t tP P =   is a minimum 2-simple gc of H and hence 

2 ( ) ( 3) .s H s r  + − Furthermore, for any 2-simple gc a of H, (s+2) pendant 

vertices and at most r vertices are internally two times. Therefore ( 2)t s +  

2and .t r  Hence 2 ( ) ( 3)s H s r  + − .  Thus 2 ( ) ( 3) .s H s r = + −  

Subcase 2.1.2. When degree( ) 4 and degree( ) 3 (or) 5 (or) 6u v= =  

Consider 
*

3{ }H H P= − is a unicyclic graph with pendant vertices s and 

( 1)r − vertices of degree ≥ 4, hence 
*

2 ( ) ( 2) .s H s r = + −  Let 0  be the minimum 

2-simple gc of *H . Let uP  be a path in 0  in which u is external. Then a =  

1 20 3 3 3( ) { , }u t tP P P P −   is a minimum 2-simple gc of H and hence 2 ( )s H   

( 3) .s r+ −  Furthermore, for any 2-simple gc a of H, (s+2) pendant vertices and at 

most r vertices are internally two times. Therefore 2( 2) and .t s t r +   Hence 

2 ( ) ( 3)s H s r  + − .  Thus 2 ( ) ( 3) .s H s r = + −  

Subcase 2.1.3.  When degree( ) 4and degree( ) 4u v= =  

Consider 
*

3{ }H H P= − is a unicyclic graph with pendant vertices s and 

( 2)r −  vertices of degree ≥ 4, hence 
*

2 ( ) ( 3) .s H s r = + −  Let 0   be the minimum 

2-simple gc of *H . Let ,u vP P be a paths in 0  in which u and v are external. Then 

1 20 3 3( ) { , }a u v u t v tP P P P P P = − −     is a minimum 2-simple gc of H and 

hence 2 ( ) ( 3) .s H s r  + −  Furthermore, for any 2-simple gc a  of H, (s+2) 

pendant vertices  and at most r vertices are internally two times. Therefore 

( 2)t s + 2and .t r  Hence 2 ( ) ( 3)s H s r  + − .  Thus 2 ( ) ( 3) .s H s r = + −  

Subcase 2.2. When either degree( ) 7u  (or) degree( ) 7v  and suppose 

degree( ) 7u  , then there are two cases.  

Subcase 2.2.1. When degree( ) 3v = (or) degree( ) 5v   

Consider 
*

3{ }H H P= − is a unicyclic graph with pendant vertices s and r

vertices of degree ≥ 4, hence 
*

2 ( ) .s H s r = −  Let 0  be the minimum 2-simple gc 

of *H . Then 
1 20 3 3{ , }a t tP P =   is a minimum 2-simple gc of H and hence 

2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc a of H, (s+1) pendant 

vertices  and at most r vertices are internally two times. Therefore ( 1)t s +

2and .t r  Hence 2 ( ) ( 2)s H s r  + − .  Thus 2 ( )s H =  ( 2) .s r+ −  

Subcase 2.2.2. When degree( ) 4v =  
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Consider 
*

3{ }H H P= − is a unicyclic graph with pendant vertices s and 

( 1)r − vertices of degree ≥ 4, hence 
*

2 ( ) ( 1) .s H s r = + −  Let 0  be the minimum 

2-simple gc of *H . Let vP  be a path in 0  in which v is external. Then 

1 20 3 3( ) { , }a v t t vP P P P = −   is a minimum 2-simple gc of H and hence 

2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc a  of H, (s+1) pendant 

vertices and at most r vertices are internally two times. Therefore ( 1)t s +

2and .t r  Hence 2 ( ) ( 2)s H s r  + − .  Thus 2 ( ) ( 2) .s H s r = + −  

Case 3. When 3j =  and either (or)i ix w  be the only vertex is of degree >2 other 

than u and v. Let 
1 22 2andt tP P denote 1 1( , ,...., )nu y y − and 1( , )ny v−  section of 2P

respectively. Then, we have four cases.  

Subcase 3.1. Suppose either degree( ) 5 (or) degree( ) 5i ix w  , then we have two 

subcases.  

Subcase 3.1.1. Suppose degree ( ) 3 and degree ( ) 3 (or) 5 (or)6u v= =  

Consider 2
* { }H H P= − is a unicyclic graph with pendant vertices s and r

vertices of degree ≥ 4, hence 
*

2 ( ) ( 1) .s H s r = + −  Let 0  be the minimum 2-

simple gc of *H . Then 
1 20 2 2{ , }a t tP P =   is a minimum 2-simple gc of H and 

hence 2 ( ) ( 3) .s H s r  + −  Furthermore, for any 2-simple gc a of H, (s+2) pendant 

vertices  and at most r vertices are internally two times. Therefore ( 2)t s +

2and .t r  Hence 2 ( ) ( 3)s H s r  + − . Thus 2 ( )s H =  ( 3) .s r+ −  

Subcase 3.1.2. Suppose degree( ) 3 and degree( ) 4u v= =  

Consider 2
* { }H H P= −  is a unicyclic graph with pendant vertices s and 

( 1)r − vertices of degree ≥ 4, hence 
*

2 ( ) ( 2) .s H s r = + −  Let 0  be the minimum 

2-simple gc of *H . Let vP  be a path in 0 in which v is external. Then a =  

1 20 2 2( ) { , }v t t vP P P P −    is a minimum 2-simple gc of H and hence 2 ( )s H 

( 3) .s r+ −  Furthermore, for any 2-simple gc a of H,  (s+2) pendant vertices  and 

at most r vertices are internally two times. Therefore 2( 2) and .t s t r +   Hence 

2 ( ) ( 3)s H s r  + − . Thus 2 ( ) ( 3) .s H s r = + −    

Subcase 3.2. Suppose either degree( ) 3 (or) degree( ) 3i ix w  , then we have three 

subcases.  

Subcase 3.2.1. When degree( ) degree( ) 4u v= =  
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Consider 2
* { }H H P= − is a unicyclic graph with pendant vertices s and 

( 2)r − vertices of degree ≥ 4, hence 
*

2 ( ) ( 2) .s H s r = + −  Let  0  be the minimum 

2-simple gc of *H . Let ,u vP P  be a paths in 0  in which u and v are external. Then 

1 20 2 2( ) { , }a u v u t v tP P P P P P = − −     is a minimum 2-simple gc of H and 

hence 2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc a  of H, (s+1) 

pendant vertices  and at most r vertices are internally two times. Therefore 

( 1)t s + 2and .t r  Hence 2 ( ) ( 2)s H s r  + − .  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 3.2.2. When degree( ) 4 and degree( ) 5u v=   

Consider 2
* { }H H P= −  is a unicyclic graph with pendant vertices s and 

( 1)r − vertices of degree ≥ 4, hence 
*

2 ( ) ( 1) .s H s r = + −  Let 0  be the minimum 

2-simple gc of *H . Let uP  be a path in 0 in which u is external. Then a =  

1 2220 2( ) { , }u t tP P P P −   is a minimum 2-simple gc of H and hence 2 ( )s H   

( 2) .s r+ −  Furthermore, for any 2-simple gc a  of H, (s+1) pendant vertices and 

at most r vertices are internally two times. Therefore 2( 1) and .t s t r +   Hence 

2 ( ) ( 2)s H s r  + − .  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 3.2.3. When degree( ) 5 and degree( ) 5u v   

Consider 2
* { }H H P= −  is a unicyclic graph with pendant vertices s and r

vertices of degree ≥ 4, hence 
*

2 ( ) .s H s r = −   Let 0  be the minimum 2-simple gc 

of *H . Then 
1 20 2 2{ , }a t tP P =   is a minimum 2-simple gc of  H and hence 

2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc a  of  H, (s+1) pendant 

vertices and at most r vertices are internally two times. Therefore ( 1)t s +

2and .t r Hence 2 ( ) ( 2)s H s r  + − . Thus 2 ( )s H  ( 2) .s r= + −  

Subcase 3.3. Suppose either degree( ) 6ix   (or) degree( ) 6iw  ,  then we have 

three subcases.  

Subcase 3.3.1. When degree( ) degree( ) 3u v= =  (or) degree( ) 5,degree( ) 5u v   

Consider 2
* { }H H P= −  is a unicyclic graph with pendant vertices s and r

vertices of degree ≥ 4, hence 
*

2 ( ) .s H s r = −  Let 0  be the minimum 2-simple gc 

of *H . Then 
1 20 2 2{ , }a t tP P =   is a minimum 2-simple gc of H and hence 

2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc a  of H, (s+1) pendant 

vertices and at most r vertices are internally two times. Therefore ( 1)t s +

2and .t r  Hence 2 ( ) ( 2)s H s r  + − . Thus 2 ( )s H =  ( 2) .s r+ −  
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Subcase 3.3.2. Suppose degree( ) 3 (or) degree( ) 5 and degree( ) 4u u v=  =  

Consider 2
* { }H H P= −  is a unicyclic graph with pendant vertices s and 

( 1)r − vertices of degree ≥ 4, hence 
*

2 ( ) ( 1) .s H s r = + −  Let 0  be the minimum 

2-simple gc of *H . Let vP  be a path in 0  in which v is external. Then 

1 20 2 2( ) { , }a v t t vP P P P = −    is a minimum 2-simple gc of H and hence 

2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc a of H, (s+1) pendant 

vertices  and at most r vertices are internally two times. Therefore ( 1)t s +  

2and .t r  Hence 2 ( ) ( 2)s H s r  + − .  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 3.3.3. When  degree( ) degree ( ) 4u v= =  

Consider 2
* { }H H P= −  is a unicyclic graph with pendant vertices s and 

( 2)r − vertices of degree ≥ 4, hence 
*

2 ( ) ( 2) .s H s r = + −  Let 0  be the minimum 

2-simple gc of *H . Let ,u vP P be a paths in 0  in which u and v are external. Then 

1 20 2 2( ) { , }a u v u t v tP P P P P P = − −    is a minimum 2-simple gc of H and 

hence 2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc a of H, (s+1) pendant 

vertices  and at most r vertices are internally two times. Therefore 

2( 1) and .t s t r +   Hence 2 ( ) ( 2)s H s r  + − .  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 3.4. When ( )degree( ) 7 and either degree( ) 3 (or) degree( ) 3i iu x w   , 

then there  are two subcases.  

Subcase 3.4.1. Suppose degree( ) 3 (or) degree( ) 5v v=   

 Similar to Subcase 3.3.1. the proof is the same. 

Subcase 3.4.2. Suppose degree(v)=4 

 The proof is the same as  in Subcase 3.3.2. 

Case 4. When 4j = and either , (or) ,i j i jx x w w  be the only vertices is of degree > 

2 other than u and v. Let 
1 23 3andt tP P denote 1 1 1( , ,.., ) and ( , )t tu w w w v− − section of 

3P  respectively. Suppose 1,i jx x P (or) 1 2, andi jx P x P  , then there are four 

cases.  

Subcase 4.1. When degree( ) 5, degree( ) 5i jx x  and degree( ) degree( ) 3u v= =  

  Similar to Subcase 2.2.1, the proof is the same. 

Subcase 4.2.When degree( ) 3,degree( ) 3,i jx x  degree ( ) 3u = (or) degree( ) 5u   

and degree( ) 4v =  

Similar to Subcase 2.2.2, the proof is the same.  

Subcase 4.3. When ( )degree degree( ) 4u v == , degree( ) 3ix  and degree( ) 3jx   



2024 37(12 )

238

Consider 
*

3{ }H H P= − is a unicyclic graph with pendant vertices s and 

( 2)r − vertices of degree ≥ 4, hence 
*

2 ( ) ( 2) .s H s r = + −  Let 0  be the minimum 

2-simple gc of *H . Let ,u vP P be a paths in 0  in which u and v are external. Then 

1 20 3 3( ) { , }a u v u t v tP P P P P P = − −     is a minimum 2-simple gc of H and 

hence 2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc  a  of H, (s+1) 

pendant vertices and at most r vertices are internally two times. Therefore 

2( 1) and .t s t r +   Hence 2 ( ) ( 2)s H s r  + − .  Thus 2 ( ) ( 2) .s H s r = + −  

Subcase 4.4. When degree( ) 3,degree( ) 3, degree( ) 5i jx x v   and degree( ) 5u    

(Or) either degree( ) 7 ( ) degree( ) 7,degree( ) 3iu or v x   and degree( ) 3jx   

Consider 
*

3{ }H H P= − is a unicyclic graph with pendant vertices s and r

vertices of degree ≥ 4, hence 
*

2 ( ) .s H s r = −  Let 0  be the minimum 2-simple gc 

of *H . Then 
1 20 3 3{ , }a t tP P =  is a minimum 2-simple gc of H and hence 

2 ( ) ( 2) .s H s r  + −  Furthermore, for any 2-simple gc a  of H, (s+1) pendant 

vertices and at most r vertices are internally two times. Therefore ( 1)t s +

2and .t r  Hence 2 ( )s H  ( 2)s r+ − . Thus 2 ( ) ( 2) .s H s r = + −  

Case 5. When 5j   and either ( ), , or , ,i j s i j sx x x w w w  be the only vertices is of 

degree >2  other than u and v. Let 
1 23 3andt tP P denote 1 1( , ,..., )tu w w −  and 1( , )tw v−

section of 3P  respectively. Then, we have two cases.  

Subcase 5.1. When 5j  and  Suppose 1, ,i j sx x x P  then there are three cases.  

Subcase 5.1.1. When degree( ) 3, degree( ) 3, degree( ) 3, degree( ) 3i j sx x x u   =

(or) degree( ) 5 and degree( ) 3 (or) degree( ) 5u v v =   

  Similar to Subcase 2.2.1, the proof is the same. 

Subcase 5.1.2. When degree( ) 3, degree( ) 3, degree( ) 3, degree( ) 4i j kx x x v   =  

and degree( ) 3u = (or) degree( ) 5u   

Similar to Subcase 2.2.2, the proof is the same. 

Subcase 5.1.3. When degree( ) 3, degree( ) 3, degree( ) 3,degree( ) 4i j kx x x u   =

and degree( ) 4v =   

    Similar to Subcase 4.3, the proof is the same.  

Subcase 5.2. When 5j   and let the paths 
1 23 3andt tP P denote 1 1( , ,.., )tu w w −  and

1( , )tw v− section of 3P . Suppose 1,i kx x P , 2jy P  (or) 1,i kx x P  and 2,j ly y P , 

Then, we have three cases.   
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Subcase 5.2.1. Suppose either (degree( ) 3, degree( ) 3, degree( )) 3)i j jx x y    (or)

(degree( ) 3,degree( ) 3,degree( ) 3, degree( ) 3)i j j lx x y y     and degree( ) 3,u =

degree( ) 3v = (or) degree( ) 5,degree( ) 5u v   

Consider 
*

3{ }H H P= − is a unicyclic graph with pendant vertices s and r

vertices of degree ≥ 4, hence 
*

2 ( ) .s H s r = −  Let 0  be the minimum 2-simple gc 

of *H . Then 0 3{ }a P =   is a minimum 2-simple gc of H and hence 

2 ( ) ( 1) .s H s r  + −  Furthermore, for any 2-simple gc a of H, s pendant vertices  

and at most r vertices are internally two times. Therefore 2and .st t r   Hence 

2 ( ) ( 1)s H s r  + − .  Thus 2 ( ) ( 1) .s H s r = + −   

Subcase 5.2.2. Suppose either (degree( ) 3, degree( ) 3, degree( )) 3)i j jx x y   (or)

(degree( ) 3,degree( ) 3,degree( ) 3, degree( ) 3)i j j lx x y y    and  degree( ) 3u =  

(or) degree( ) 5u  , degree( ) 4v =  

 Consider 
*

3{ }H H P= − is a unicyclic graph with pendant vertices s and 

( 1)r − vertices of degree ≥ 4, hence 
*

2 ( ) ( 1) .s H s r = + −  Let 0  be the minimum 

2-simple gc of *H . Let vP  be a path in 0 in which v external.  Then 0( )a vP = −

3{ }vP P  is a minimum 2-simple gc of H and hence 2 ( ) ( 1) .s H s r  + −  

Furthermore, for any 2-simple gc a of H, s pendant vertices  and at most r vertices 

are internally two times. Therefore 2and .t s t r   Hence 2 ( ) ( 1)s H s r  + − .  

Thus 2 ( ) ( 1) .s H s r = + −  

Subcase 5.2.3. Suppose either (degree( ) 3, degree( ) 3, degree( )) 3)i j jx x y   (or) 

(degree( ) 3,degree( ) 3,degree( ) 3, degree( ) 3)i j j lx x y y    and degree( ) 4,u =  

degree( ) 4v =  

Consider 
*

3{ }H H P= − is a unicyclic graph with pendant vertices s and 

( 1)r − vertices of degree ≥ 4, hence 
*

2 ( ) ( 1) .s H s r = + −  Let 0  be the minimum 

2-simple gc of *H . Let ,u vP P be a paths in 0  in which u and v are external. Then 

1 20 3 3( ) { , }a u v u t v tP P P P P P = − −    is a minimum 2-simple gc of H and 

hence 2 ( ) ( 1) .s H s r  + −  Furthermore, for any 2-simple gc a of H, s pendant 

vertices  and at most r vertices are internally two times. Therefore 2and .t s t r   

Hence 2 ( ) ( 1)s H s r  + − . Thus 2 ( ) ( 1) .s H s r = + −  

Example 4.6. As an example, the bicyclic graph  ( )3 1 2, ,B m m t  shown in Figure 3. 
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Figure 3. 2-Simple graphoidal cover on  ( )3 1 2, ,B m m t  

      Here 21, 22, 4 and 2p q s r= = = = , then 2 4 5 6 7 8 9 10 11( ) {( , , , , , , ,s H u u v u v u u u =  

12 1 2 3 4 20 4 21 1 13 14 15 19 18 15 16 7, , , , , ), ( , , ), ( , , , , ), ( , , , ) 4 ( 2) .u u u u u u u u u u u u u u u u u s r= = + −  

 

5. Discussions  

 

The remarkable progress in science and technology, particularly within the 

realm of medical sciences, has significantly enhanced our ability to save lives. 

Nevertheless, it is frustrating to observe the shortcomings in effectively tracing 

contacts of infected individuals to manage communicable diseases. The recent 

pandemic has underscored that comprehensive contact tracing (or)  examining the 

full spectrum of individuals connected to an infected person is crucial for breaking 

the transmission chain and facilitating early treatment for both the infected and 

those at risk.  

In a graph theory model, each individual is represented as a vertex and their 

interactions are depicted as edges. For instance, in a communicable disease network 

(in Figure 4), let’s consider a scenario where person v25 (x) is initially infected. The 

disease spreads from x to individuals v21, v4, v11, v7 and others. To effectively contain 

the outbreak and provide treatment to those infected, we can break down the larger 

network into smaller groups. Starting with the initial infected person, x, we can 

segment the remaining individuals into manageable groups. By closely monitoring 

these smaller units, we can better control the spread of the disease. 
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Figure 4. Communication disease network. 

 

Using graph decomposition, we can visualize a cyclic structure that contains 

two or more small groups sharing one or more individuals, as illustrated in the 

accompanying Figure 5. This decomposition model facilitates the creation of a web 

that traces the immediate contacts of the infected person (x), helping to identify 

potential secondary infections and the extent of disease transmission originating 

from a single infected individual. 

 

 
 

Figure 5. Bicyclic structure of communication disease network 
 
 

6. Conclusion 

Transportation networks, encompassing roads, railways, and airways, are 

intricate systems connecting nodes and edges, enabling the smooth flow of people, 

goods, and services, thereby fostering economic progress. However, these networks 

grapple with significant challenges, including traffic congestion, environmental 

harm, substantial maintenance expenses, and susceptibility to disruptions that can 

cripple the system.  
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A 2-simple graphoidal cover simplifies transportation networks by breaking 

them into manageable components, making rerouting in emergencies more efficient 

and reducing overall complexity. However, its application in large, dense networks 

can be computationally demanding and may conflict with practical requirements 

for redundancy. By minimizing the impact of disruptions on the entire system, 

smaller paths help maintain network stability. 

  Bicyclic graphs play a vital role in enhancing transportation networks by 

providing redundancy and fault tolerance. With multiple routes available, they 

ensure continuous flow even during disruptions caused by accidents, construction, 

or natural disasters. These graphs help reduce bottlenecks and delays while offering 

a modular structure that supports cost-effective and scalable design and expansion. 

As a result, bicyclic graphs are an invaluable tool for creating resilient and efficient 

transportation systems.  

Bicyclic graphs combined with a 2-simple graphoidal cover enhance the 

efficiency and resilience of transportation networks. Bicyclic graphs provide 

redundancy, enabling smooth traffic rerouting during disruptions, while the 2-

simple graphoidal cover ensures all edges are covered, leaving no route 

unaccounted for. This approach facilitates easy expansion, as the modular structure 

of bicyclic graphs supports the addition of new routes without major 

reconfiguration. Furthermore, it minimizes reliance on centralized control, leading 

to cost-effective and distributed management. The scalability of this method allows 

small, localized networks to grow seamlessly into larger systems by incorporating 

multiple bicyclic subgraphs. 
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